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APPROXIMATE HERMITE-HADAMARD TYPE INEQUALITIES FOR 
APPROXIMATELY CONVEX FUNCTIONS 

JUDIT MAKO AND ZSOLT PALES 

Abstract. In this paper, approximate lower and upper Hermite-Hadamard type inequalities 
are obtained for functions that are approximately convex with respect to a given Chebyshev 
system. 



1. Introduction 

Throughout this paper R, R + , N and Z denote the sets of real, nonnegative real, natural and 
integer numbers respectively. Given a nonempty open real interval /, denote by A (J) and A°(7) 
the sets 

{(x,y) E I x I \ x <y} and {(x,y) E I x I \ x < y}, 
respectively. Given a nonempty open real interval /, denote by A(J) and A°(7) the sets 
{(x,y) e I x I \ x <y} and {(x, y) G I x I \ x < y}, 

respectively. We say that a pair (uo,u>i) is a Chebyshev system over J, if Uq,uji : I — > M are 
continuous functions and 



1.1) Q(x,y) : 



u {x) u (y) 
uji(x) ui(y) 



>0 ((x,y)eA°(I)). 



One can easily see, that if Uq is a positive function, then (II. ip holds if and only if Ui/uq is 
strictly increasing on /. In this latter case, (uq,ui) will be called a positive Chebyshev system 
over /. On the other hand, we can always assume that uq is a positive function, because for 
every Chebyshev system (uq,Ui), there exists a, (3 G M such that auo + 0oji > (cf. [I], [2]). In 
the sequel, for fixed x,y G /, the partial functions m H- f2(w, ?/) and m h-> fi(x, m) will be denoted 
by fi(-,y) and f2(x, •), respectively. An important property of Chebyshev systems is that for 
every two pairs (x, £), (y,rj) G / x R with x ^ y the function w defined as 

u:={ n(i!!> +«<*.•> 



is the unique linear combination of oj and such that u(x) = ^ and u>(y) =7] hold. 
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Given a positive Chebyshev system (u>q, u>i) over I and a proper subinterval J of I, a function 
/ : J — > R is called (cjq, loi)- convex on J if, for all x < w < y from J, 



(1.2) 

or equivalently, 
(1.3) 



/(*) /(«) /(y) 
u (x) u (u) u (y) 
uJt(x) ui(u) uJi_(y) 



> 0, 



/(w) < 7^7 \f( x ) + TTf \J\V)- 



If ( II. 2ft holds with strict inequality sign ">", then / is said to be strictly (uq, uji)- convex on J. 

The integral average of any standard convex function /:/—>■ 
midpoint and the endpoints of the domain as follows: 

l 

'x + y\ ^ [ £fj ._ , ^ j.\_.\ju. ^ f( x )+f(y) 



can be estimated from the 



1.4) /pip) ^ / /(te + (l-t)y)dt< 



(x,y G J). 



This is the well known Hermite-Hadamard type inequality. The above implication was discovered 
by Hadamard [5]. (See also [ID] . 0, and [12], [3], [TI], [12], [13] for a historical account.) In 
[3j and [I], the authors established the following connections between (oj , Wi)-convexity and 
Hermite-Hadamard type inequality. 

Theorem A. Let (uq, Ui) be a positive Chebyshev system on an open interval I and let p : / — >■ R 
&e a positive integr able junction. Define, for all elements x < y of I , the functions £(x, y), c(x, y), 
ci(x,y) and C2{x,y) by the formulas 



fey) = 
cfey) 



1 



J^wiP wi(y) 



^o(fey)) 
and c 2 (x,y) 



J/ a function / : / -> R is (tuo, Wi)- convex, then for all elements x < y of I, it satisfies the 
inequality 

y 



1.6) 



c(x,y)f(£(x,y)) < / fp<c 1 (x,y)f(x)+c 2 (x,y)f(y). 



In Theorem 12.21 and Theorem 13.121 below, these results will be generalized to the context of 
approximate (u>q, Wi)-convex, i.e., to the case when / satisfies an inequality analogous to (II. 3p 
whose right hand side involves also an error term. 

Let X be a real linear space and D C X be a convex subset. In order to describe the old 
and new results about the connection of approximate Jensen convexity and the approximate 
Hermite-Hadamard inequality with variable error terms, we need to introduce the following 
terminology. 

For a function / : D — > R, we say that / is hemi-P, if, for all x,y G D, the mapping 
(1.7) t^f((l-t)x + ty) (te[0,l]) 
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has property P. For example / is hemiintegrable, if for all x,y E D the mapping defined by 
p.7p is integrable. Analogously, we say that a function h : (D — D) — > R is radially-P, if for all 
u E D — D, the mapping 

t^h(tu) (t e [0, 1]) 

has property P on [0,1]. 

In [6j, Hazy and second author of this paper established a connection between an approximate 
lower Hermite-Hadamard type inequality and an approximate Jensen type inequality by proving 
the following result. 

Theorem B. Let a : (D — D) — >• R + be a nonnegative radially Lebesgue integrable even function. 
Assume that f : D — > R is hemi- Lebesgue integrable and approximately Jensen convex in the 
sense of 

(1 q\ f fx + y\ f(x) + f(y) 

U-°> 2~~ ) 2 + a ( x ~y) {x,yED). 

Then f also satisfies the approximate lower Hermite-Hadamard inequality 

l l 

(1.9) M^tO ^ j f(tx + (l-t)y)dt+ j a(t(x-y))dt (x,y E D). 

o o 

In [8] (cf. |14| . |15| ) the authors established the connections between an approximate upper 
Hermite-Hadamard type inequality and an approximate Jensen type inequality as stated in the 
following theorem. 

Theorem C. Let a : (D — D) — > R + be a nonnegative radially Lebesgue integrable even function 
and p : [0, 1] — > R+ be a nonnegative Lebesgue integrable function with L p — 1. Assume that 
f : D — > M is hemiintegrable on D and satisfies the approximate Jensen inequality (jl.8p . Then, 
for x,y E D, f also satisfies the approximate upper Hermite-Hadamard inequality 
(1.10) 

/ f(tx + (l- t)y)p{t)dt < \f(x) + (1 - X)f(y) + V - / a(2d z (2 n t)(x - y))p(t)dt, 
Jo n=0 z Jo 

where X := J tp(t)dt and, for s E R, d%(s) := dist(s, Z) = inf{|s — fc| : k E Z}. 

In Theorem 12.51 and Theorem 13. 141 below these results will be generalized and extended to the 
setting of (ojq, w 1 )-convexity 

2. From approximate (u , wi)-convexity to approximate lower 
Hermite-Hadamard inequality 

In this section we will investigate the implication between an (uq, Ui) -convexity type inequality 
and a lower Hermite-Hadamard inequality. Consider the following basic assumptions. 

(Al) (T,A,pj) is a measure space. 

(A2) A : T x A°(J) — > R + is /i-integrable in its first variable. 

(A3) M : T X A°(J) — 7- R is /l-measurable in its first variable and for all t E T, the map 
(x, y) i— > M(t, x, y) is a two- variable mean on I. Mq : A°(J) — > I is a strict mean such that 

(2.1) p{tET\A(t,x,y)>Q,M(t,x,y)^M (x,y)}>0 if (x, y) G A°(J). 
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(A4) There exist an (u , Wi)-Chebyshev system on I such that w is positive. Furthermore, for 

*g{o,i}, 

Ui(M (x, y)) = [ A{t, x, y)u>i{M(t, x, y))dfi(t) {{x, y) G A°(J)). 



(2-2) 

T 

For all (x,y) G A°(I), denote 

^ == {* e T | A(t,x,y) > 0, M(t,x,y) < M (x,y)}, 

T'l y -={teT\ A(t,x,y) > 0, M(t,x,y) > M (x,y)}. 

Observe that, for all (x,y) G A (J), T' xy and T xy are in A, moreover, by (12. II) . the /x-measure of 

T 'xyU T "y is positive. Define, for all (x,y) G A°(J), i G {0, 1}, 

(2.3) 

S'i(x,y)= / A(t,x,y)ui(M(t,x,y))dn(t) and S"(x,y) = / A(t,x,y)uJi(M(t,x,y))dii(t). 



7-7 7V/ 
The following proposition describes the properties of these sets and numbers. 
Proposition 2.1. J/ (A1)-(A4) hold, then for all (x,y) G A°(7), 
(2.4) S' i (x,y) + S'/(x,y)=u i (M (x,y)) (i G {0,1}). 

Furthermore, the fi-measure of the sets T' x and T' x ' y is positive. 
Proof. Let (x,y) G A°(J). (Q implies that 

^(M (x,y))= / A^y^M^x,?/))^) 



A(t, x, y)uJi(M(t, x, y))d/i(t) = S'^x, y) + S"(x, y), 

{teT\A(t,x,y)>0} 

for i G {0,1}. Hence (12.41) holds. To prove the positivity of fi(T xy ) and n(T xy ), assume that 
^(T' x y ) = 0. Then S[(x,y) = and, in view of it follows that'//(^) > 0.' Thus, by (T23D, 

we have that 

w<(Mo(x, y)) = S[(x, y) + S'^x, y) = S?(x, y) = [ A(t, x, y)ui(M(t, x, y)W{t) 



for i G {0, 1}. Dividing the above identities by each other and using also the positivity of uq, we 
get that 

/ A(t,z,j/)wi(M(t,a;,y))d//(*) 



T 'lv u x {M (x,y)) 



f A(t,x,y)cu (M(t,x,y))dii(t) u {M {x,y))' 

rptt 

Rearranging this equality, we obtain that 

A(t, x, y)Q(M Q (x, y), M(t, x, y))dfi(t) = 0. 



rptl 
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Hence, 

J A(t, x, y)n{M {x, y), M{t, x, y))dfi(t) = 0. 

{teT\A(t,x,y)>0, M(t,x,y)>M (x,y)} 

On the other hand, for all t G T with M(t, x, y) > M (x, y), we have that Q(M (x, y), M(t, x, yj) > 
and, by (j2TT]l . /i({t G T | A(t,x,y) > 0, M(t,x,y) > M (x,y)}) > 0. This yields that 



/ 



A(t,x,y)n(M (x,y),M(t,x,y))dfi(t) > 0, 

{t£T\A(t,x,y)>0,M(t,x,y)>M (x,y)} 

which is a contradiction. 

The proof for the case when [i{T" y ) = is analogous. □ 

One of the main result of this paper is established in the following theorem. 

Theorem 2.2. Assume that (A1)-(A4) hold. Let /:/—>• R be a locally upper bounded Borel 
measurable solution of the approximate (uq,Ui)- convexity type functional inequality 

(2-5) /(«) < ^\f(x) + %p^M + e x , y {u) (u G [x, y}), 

where for all (x,y) G A°(J) and u (z]x,y[, the function (v,w) h-> £ v>w (u) is bounded and Borel 
measurable for (v,w) G [x,u] x [u,y]. Then f also satisfies the approximate lower Hermite- 
Hadamard type inequality 



(2.6) f(M (x, y)) < J A(t, x, y)f(M(t, x, y))dfi(t) + E(x, y) ((x, y) G A(/)), 



T 



where E : A° (/)—>• M is defined by the following way 
(2.7) 
E(x,y) 

J J A(f , x, y)A(t", x, y)ft(M(t', x, y), M(t", x, y))£M(t',x, y ),M(t»,x, y )(M (x, y))d^{t")d^{t') 

rpt rpn 

" J J A(t',x,j/)A(t",x,2/)fi(M(t',a:,y),M(t",a:,y))d/x(t")d/x(t') ' 

7-7 7-7/ 

Remark 2.3. In the above theorem, the regularity condition for / can be relaxed if the error 
function e x>y enjoys boundedness and continuity properties. For instance, if e xy is bounded 
on [x, y] for some (x, y) G A°(J), then (12.51) implies that / is bounded on [x,y]. Similarly, if 
\imsvLp u ^ x+0 e x> y(u) = for some (x, y) G A°(J), then (12.51) implies that / is upper semicontin- 
uous at x from the right. 

Proof. Let (x,y) G A°(I). Substituting in (I2.5P x by M(t',x,y) and y by M(t" ,x,y), and u by 
Mq(x, y), where t' G T' x y and t" G T^, we get that 

n{M(t', x, y), M{t", x, y))f(M {x, y)) < Q(M (x, y), M(t", x, y))f(M{t', x, y)) 

+ n(M(t', x, y), M (x, y))f(M(t", x, y)) 

+ Q(M(tf, X, y), M(t", X, y))£M{t',x,y),M{t",x,y)(M (x, y)). 
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Multiplying this inequality by A(t',x,y)A(t",x,y) and integrating with respect to /i x /i on 
T^x T£ y , we get that 
(2.8) 

r Kit', x, y)A{t", x, y)n{M(t', x, y), M{t", x, y))d^{t")dii(t')f(M (x, y)) 



x,y x,y 



< / / A(t^x,y)A(^^x, 2 /)fi(M (x,y),M(^ // ,x, 2 /))/(M(t / ,x, 2 /))rf / i(t' / )rf/i(t') 



x,y x,y 



+ / / A(t\x,y)A(t'\x,yMM(t',x 1 y),M (x,y))f(M(t'' 1 x,y))d^t'')d^t') 



x,y x,y 



+ / A{t', x, y)A(t", x, y)n(M(t', x, y), M{t", x, y))e M{t , iX , y)M{t u^ y) (M {x, y))dfi{t")dfx{t'). 



n~>/ n~</f 

x,y x,y 



Applying Fubini's theorem and the notation of (12.31) . we get that 

A(t', x, y)A{t", x, y)VL(M{t', x, y), M(t", x, y))dn(t")dn(t') 
= (S' (x,y)S'{(x,y) - S[(x,y)S^x,y)). 



(2.9) 7-7 7^// 



Observe that (S' (x,y)Si(x,y) — S[(x,y)SQ(x,y)) is positive. Indeed, by the definition of the 
Chebyshev-system, we have, for all (t',t") ET^, y x T" y , 

n(Mtf,x,y),M(f,x,y))>0. 

By Proposition 12.11 the measure of T' xy x T" y is positive. Hence the left hand side of (12.91) is 
positive. Using the identity (12.41) . it follows that 
(2.10) ^ 

A(t', x, y)A(t", x, y)Q(M (x, y), M(t", x, y))f(M(t', x, y))d^{t")d^t') 



'-pi n^ii 

x,y x,y 



(oo (M (x J y))S , ;(x,y)-uj 1 (M (x,y))S' ( ;(x,y)) j A(t', x, y)f(M(t', x, y))d/j,(t') 

rpi 

((S' (x, y) + S»(x, y))S';(x, y) - (S[(x, y) + S'{(x, y))S»(x, y)) j A{t' , x, y)f(M(t', x, y)W(t') 

rpi 

(S' (x, y)S'i{x, y) - S[{x, y)S'^x, y)) [ A(t\ x, y)f(M(t\ x, y))d/i(f ), 



T' 
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and similarly, 

F k{t\ x, y)A(t", x, y)n(M(t', x, y), M {x, y))f(M(t", x, y))dp(t")dp(t') 



x,y x,y 



(2.11) 

= (S'{(x,y)S {x,y)-S^x,y)S[(x,y)) I A(t",x,y)f(M{t",x,y))dp:(t") 



rpil 



Substituting the above formulas ( 12. 9p . ( I2.10p . and (12. lip into ( 12. 8 p and dividing the inequality 
so obtained by (S' (x,y)S"(x,y) — S' 1 (x,y)S'o(x,y)), we get 1 I2.6P with the error function E : 
A°(J) — > R defined by ( 12. 7p . which completes the proof. □ 

Remark 2.4. A direct corollary of this theorem is the lower Hermite-Hadamard type inequality 
established by Theorem [Al Indeed, suppose that, with the notations introduced in (jl.5p . the 
assumptions of Theorem lAl hold. Then, the (uq, a^-convexity of / implies that it is locally 
bounded and Borel measurable. We show first that the conditions of Theorem 12.21 are also valid. 
Let jj, denote the Lebesgue measure on [0, 1] and define, for all (x,y) G A°(7), t G [0, 1], 

M (x,y) :=£(x,y), M(t, x, y) := (1 - t)x + ty, and A(t,x,y) := (^^Mil^l^±M , 

c{x,y) 

Since M(t, x, y) = M (x, y) can hold only for one value of t, hence (12. ip holds trivially. We also 
have 

1 v _ x r 1 

A(t,x,y)ui(M(t,x,y))dt = —. / p({\ - t)x + ty)wi((l - t)x + ty)dt 

c{x,y) Jo 

1 f y P 'wip 
pu 1 = u (Z(x,y))-M r 



c[x, y) J x J x u p 

and, similarly, 



Uo{£(z,y))—(Z(x,y)) = wi(^(a;,y)) = ui(M (x,y)) 

U 



i i rv 
A(t,x,y)u)o(M(t,x,y))dt = — / pu = u (£(x,y)), 

o c \ x i y) Jx 

which proves (12. 2p . Thus all the assumptions (Al)-A(4) are verified. Therefore, if a function 
/:/—)■ M is (ojo, UJ\) -convex, i.e., satisfies 1 12. 5ft with e x>y := 0, then it fulfills ( 12. 6p with E := 0, 
which, by the obvious identity ^r^y jj/p = f A(t,x,y)f(M(t,x,y))dt is equivalent to the left 
hand side inequality in (11.61) . 

The following result could be deduced form Theorem 12. 2\ however a direct proof is more 
convenient here. Given a set D, denote {(x,y) \ x, y G D, x ^ y} by D 2 *. 

Theorem 2.5. Let D be a convex set of a linear space X . Let A be a sigma algebra containing 
the Borel subsets of [0, 1] and p be a probability measure on the measure space ([0, 1],A) such 
that the support of p is not a singleton. Denote 

Pi := J tdp{t) and S(p) := p([0, p-i)) J tdp(t) — p(Jp 1 ,l]) J tdp(t). 

[0,1] W,l] [0,A»i] 
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Assume that f : D — > R is and hemi-fi-integrable solution of the functional inequality 

(2.12) /((l - t)x + ty) < (1 - t)/(x) + tf(y) + 7fc )V (*) ((x, y) G -D 2 *, t G [0, 1]) 
where, for all (x, y) G D 2 * , rj Xty : [0, 1] — > R is a function such that 

I(x,y):= J J (t" - t)V(i-f)x+Vv,(i-V')x+V' V ( p _ * ) d^(t')dn(t") 

exists in [—00,00] for all (x,y) G D 2 * . Then, for all (x,y) G D 2 * , the function f also satisfies 
the lower Hermite-Hadamard type inequality 

(2.13) /((l-^i)z + Mi3/)< J f((l-t)x + ty)diJ,(t) + ^-I(x,y) ((x,y) E D 2 *). 

[0,1] 

Remark 2.6. In the above theorem, the hemi-/i-integr ability condition for / can be relaxed 
if the error function r] x ,y enjoys boundedness and continuity properties. For instance, if r] Xjy is 
upper bounded on [x, y] for some (x, y) G D 2 *, then (I2.5P implies that /((l — t)x + ty) is upper 
bounded for t G [0,1]. Similarly, if lim.sup t _> 0+Q r) Xty (t) = for some (x,y) G D 2 *, then (12.51) 
implies that f((l — t)x + ty) is an upper semicontinuous function of t at zero from the right. 

Proof. Let (x, y) G D 2 *. Substituting in (12~T2|) x by (1 - f)x + fy, y by (1 - t")x + t"y and t by 
pr-p-, where < t' < [i\ and Hi < t" < 1, we get that 

/((i - Aiijs + A*iy) < ^-^-/((! - 0* + *V) + " f ) x + ^) 

(2.14) 1 ~ f 1 ~ l 

i. ^i-^ 

+ f7(l--t')s+f tf,(l-t")a:+t"l/ ^ ,„ _ ,, 

Multiplying (12.141) by t"—t' and integrating on [0, fii] x]/i 1; 1] with respect to the product measure 
H x [/,, we obtain 

y (t" - t')dii{t')dix{t")f{{\ - m)x + my) 
< y 1 f{(l-t')x + t'y)dfx{t') 

+ y (/.i-tw) y /((i-ox+t"y)^(n 

[0,/xi] 

+ y y ~ t')V{l-t>)x+tiy,(l-t")x+t"y( ^ t l _ ^ jdfM(t')dfx(t"). 
[0,mi] 

Applying Fubini's theorem, we get that 

(2.i 6 ) y y (t"-to^wMo=/4[Mi]) y ^mo-mkid y ^(o=^ 

[0,Mi] [0,mi] 



(2.15) 
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Using that the support of \i is not a singleton, we can see that the left hand side of (I2.16P is 
positive and hence so is S{p). 

Applying also Fubini's theorem, it follows that 

(2.17) ' 

(f-^)dfi(f)=fi{[0,l)) J t"d^t")-fi(]^,l}) jtdfi(t) 

]w>i] W,l] [0,1] 

= (m([o,/* 1 ])+/*Qa*i,i])) / tXt")-MKi])( J t'd»(t')+ I t"dn{t"))=s{ii) 

[o,m] W,i] 

and, similarly, 

(2.18) / 0" 1 ~ 0^(0 = 

[0,Mi] 

Substituting the above formulas ( 12. 16ft . ( 12. 17ft . and (12. 18ft into (12. 15ft and dividing the inequality 
so obtained by S(p), we arrive at (12. 13ft . This completes the proof. □ 

The following corollary is analogous to the result of [6]. 

Corollary 2.7. Assume that f : D — > R a hemi-Lebesgue integrable solution of the functional 
inequality ( 12.12ft . where, for all (x,y) G D 2 * , T] x>y : [0, 1] — > R is a function, such that 



is 1 , 

(2.19) Hx,y):= [ I {t" - 0^(i-f)*+f w ,(i-<")x+t"w ( ¥ L ^)dt'dt" 



I o 

2 



exists in [— oo, oo] /or a// (x, y) G -D . Then, for all x, y G -D , £/ie function f also satisfies 



l 



(2.20) ^PirO ^ / /((i-^ + ^ + 8/(z,y). 



Proof. We apply Theorem 12.51 when .A is the family of Lebesgue measurable subsets of [0, 1], 
H is the Lebesgue measure. Then \i\ = ~ and S"(/i) = | and the result directly follows from 
Theorem 12.51 □ 



Remark 2.8. In what follows, we deduce the conclusion of Theorem iBl from the above corol- 
lary under stronger regularity assumption on /. Let a : (D — D) — > R + be a nonnegative 
radially Lebesgue integrable function and assume that / : D — > R is hemi-upper bounded and 
approximately Jensen convex in the sense of (II. 8p . Then, by [9, Thm. 8], / fulfils the following 
approximate convexity inequality: 



/((l - t)x + ty) < (1 - t)f(x) + tf(y) + ^a(2dz(2 n t)(z - y)) ({x, y) eD 2 ,te [0, 1]), 

n=0 

i.e., ( 12.12ft holds with T] XjV defined as 



oo 

*(*) := E ^«(2^(2 n t)(x - j/)) ((x, y) G -D 2 , £ G [0, 1]). 



n=0 
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Thus, by Corollary 12. 7\ the inequality (I2.20p holds with 
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I(x,y)= / / (t" - t')r}^ t > )x+t ry^ t n )x+t n y Q f/ _ ^ jdt'dt" 



I 

2 



1 * 



n=o i i 1 



I 

2 



1 1 

2 2 



E^/ (t + s)a(2d z (—-yt + s)(x-yj)dtds 

n=0 { { 





l 

2 * 



= E^/ {t + s)a(2d z (-—yt + s)(x-yj)dsdt. 
n =° o o 

The last equality above is the consequence of the symmetry of the integrand with respect to the 



variables s,i. For n = 0, 



i i 

at at 





11 1 

2 2 2 

(t + s)a(2s(x - y))dtds = / (1 - 2s) (-s + -)a(2s(x - y))ds 




2 4 



s 
1 

- / (1 — er)(3cr + l)a(cr(x — y))da. 



To compute the the double integral for n > 1, we will split its domain according to the position 
of |r| related to integer numbers. For all n G N and < s < t < |, there exists a unique 

m G {2 rt_1 , . . . , 2™ - 1} (namely m := ) such that 

2 n i 1 1 2 n t 

either m < < m H — or m H — < < m + 1. 

_ t + s 2 2 _ t+s 

This, for all m G {2 n_1 , . . . , 2 n — 1}, in terms of t yields the following inequalities for s: 

2 n -m-\ T -m , 2 n - m - 1 2 n - m - ± 

i — -t < s < 1 and £ < s < — -t, 

m+i m m+1 m + ^ 

respectively. On these intervals, we have that 



gi_ m)(t + s) = (2 «_ m )i_ ms , if 2 ^k t < s < 2 -^t, 
m + l-gi)(t + S ) = (m + l-2«)t+(m + l) S , if Z=%=±t < s < 
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Thus, we get that 



i 

2 t 

J J (t + s)a(2d z (2 n -^—Y t + s )( x ~ y))dsdt 



o o 



i 

2 2 n -l 



[ Yl ( I (t + s)a(2((2 n - m)t - ms)(x - y))ds 



m=2 

2 n — m 



T L 

/ ( t + .)a(2( (m + l- 2-). + (m+ !).)(, 



1 2" +1 t 

2 2ni+l 



m=2 







(2m + 2) 2 (2m) 2 / / 
E_ / ( / a ^-^(^mW + S^)^) da 



2" 1 
2"_1 2m + l _ 2 



m=2 n - 1 



(2ro+l)a 
2"+l 



2 

2 n — \ 2m + l 



1 V- A , / w f -\ 2m +! \/fx2m + 3 +2 n <r(2m-l +2 n \ 

— > / a(cr(x-u)) 1 o- ^ h — 7T )da 

16 ^ J y y y "\ 2 n J\ m + 1 2 m 2 / 

■m=2"- 1 - 



1 V- ? , . 2m+l \ + /a(2m + 3) +2" a(2m - 1) + 2 n \ , 

= i6 E yaK*-y))(i--^r-^ ( (m + 1)2 + ^ Jd* 

(Here x + stands for the positive part of x.) Summarizing our computations, for 8I(x,y), we get 

i 



8I(x,y)= I a(a(x - y))$(a)da, 

where 

v ,, ,„ , ,1 , V- (, 2m+l \ + /ff(2m + 3) + 2" cr(2m - 1) + 2"\ 

*W: = (i-,)(3, + i) + yj yj (i — — „) ( 2 „ (m+ ; 1)2 + — ^ — ) 

n=l 02=2™-! 



+ 1) 

A/ 2m +1 \ + /(r(2m + 3) + 2[ lo S2 m l +1 a(2m - 1) + 2^ m ]+ 1 
= (1 - a)(3a + 1) + 2^ (1 - 2 [io g2 m]+i CJ J (, 2 [ lo g2 m ] +1 (m + l) 2 + 2>^™J+W" 

m=l * ' 

One can easily see that $ is a continuous function over [0, 1] with > 1 for < t < § and 
$(1) = 0. Hence the error term 8I(x,y) obtained in (12.201) is not comparable with that in (II. 9ft . 



12 J. MAKO AND ZS. PALES 

In what follows, we examine the case, when X is a normed space and f] x ,y{t) is a linear 
combination of the products of the powers of t, 1 — t, and of ||x — y\\, i.e., for all (x,y) G D 2 * 
r\ x y is of the form 

(2.21) V*,v(t)'= J t^l-tyWx-yW^dv^q) ((x, y) G -D 2 *), 

[0,oo p 

where i/ is a cr-finite Borel measure on [0, oo[ 2 . An important particular case is when v is of the 
form J2i=i where c 1 ,...,c k >0, (p 1 ,q 1 ),..., (p k , q k ) G [0, oo[ 2 . 

Theorem 2.9. Let A be a sigma algebra containing the Borel subsets of [0, 1] and fx be a proba- 
bility measure on the measure space ([0, V\,A) such that the support of fi is not a singleton. Let 
v be a o-finite Borel measure on [0, oo[ 2 such that, for all s G {\\x — y\ \ (x,y) G D 2 *}, 

J(s):= J (J {^i-t'fd^{t') J {f - v 1 ) q dfi{t")y p+q - 1 dis(p,q) 

[0,oo[ 2 [0,au] ](i U l] 

exists in [—00,00]. Assume that f : D — >■ R is a hemi-fi-integrable solution of the functional 
inequality 

( 2.22) f((l-t)x + ty)<(l-t)f(x)+tf(y)+ J P(l -t)*\\x - yW^dvfaq) 

[0,oo[ 2 

for all (x,y) G D 2 * and t G [0, 1]. Then f also fulfils the Hermite-Hadamard type inequality 
/((1- Ml )x + Ml y)< / f((l-t)x + ty)dn(t) + -^J(\\x-y\\) ((x, y) G D 2 *). 



(2.23) J u x — i Aj \) x 1 Mryj y i ia 1 ~~ <v x "t L y) u h L \ L ) "f ^(^y 

[0,1] 

Remark 2.10. In the above theorem, the hemi-/i-integrability condition for / can be relaxed 
if the measure v is finite with compact support contained in ]0,oo[ 2 . Then the function 7] x>y 
defined by (12.211) is continuous on [x,y] and rj Xiy (0) = 7] x ^ y (l) = 0, hence (12.22ft implies that 
i h> /((l - i)s + ty) is upper bounded on [0, 1] and upper semicontinuous at the endpoint of 
[0, 1]. Thus / is hemi-upper bounded and upper hemicontinuous on D, which yields its hemi-/x- 
integrability. 

Proof. We want to apply Theorem 12.51 Let (x,y) G D 2 * be arbitrary. Let i] Xiy : [0,1] — > R 
defined by (|2T2T|) . Then, (l2T22j) is equivalent to (I2TT2D . To deduce ([2723]) . by Theorem [231 we 
obtain that 

I{x,y)= J J (t"-f) J (^) p (^) 9 ||(f'-tO(x- 2/ )||^- 1 di/(p,g)d/x(tO^O 

[0,W] [0,oo[ 2 

(/X! - tT^(i') y - /^i) W')) Ik - yW^d^P, q) = A\\x- y\\), 

[0,oo[ 2 

which proves the statement. □ 
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Corollary 2.11. Let v be a a-finite Borel measure on [0, oo[ 2 , such that for all s G {\\x — y\\ : 
(x,y)eD 2 *} 

[0,oo [ 2 

exists in [—00,00]. Assume that f : D — > R is a hemi-Lebesgue integrable solution of the 
functional inequality 

(2.24) f((l-t)x + ty)<(l-t)f(x)+tf(y)+ J - ty\\x - yW^dufa q), 

[0,00 [ 2 

where (x,y) G D 2 * and t G [0, 1]. Then, f also satisfies the Hermite-Hadamard type inequality 
(2.25) 

[0,1] [0,oop 

Proof. Observe that (I2.24p is equivalent to (I2.12p . where for all (x,y) G D 2 *, r} x , y : [0, 1] ->• R is 
defined by (l2T2Tj) . We have S(/i) = § and using Theorem 12. 9[ we obtain that 



1 



s p+<j-i 



J ( S ) = J j{\-tfdtJ{t-\Ydt^d V {p,q)= J 2p+g+2{p+1){q + 1) MP^h 

[0,oo[ 2 1 [0,oo[ 2 

which yields 0225). □ 

3. From approximate (w , u^) -convexity to approximate upper 
Hermite-Hadamard inequality 

In the first part of this section we will investigate the implication between the 
convexity type inequality and upper Hermite-Hadamard inequality. Consider the following 
assumptions. 

(Bl) (T,A,fi) is a measure space. 

(B2) A : T x A°(J) — > R + is integrable (with respect to //) in its first variable. 

(B3) M : T x A (J) — > R is measurable in its first variable and for all t G T, the map (x, y) (->■ 

M(t, x, y) is a two- variable mean on I. M Q : A°(J) — >■ J is a strict mean. 
(B4) There exist an (o>q, Wi)-Chebyshev system on / such that ujq is positive and i G {0, 1} (12. 2p 

holds. 

Theorem 3.12. Assume that (B1)-(P>4) hold. Let f : I —s- R be a locally bounded Borel 
measurable solution of the approximate {oj q , uji)- convexity inequality (12. 5p . where for all (x,y) G 
y] -> R is a bounded and Borel measurable function. Then f also satisfies the 
following approximate upper Hermite-Hadamard type inequality 

(3.1) J A (t, x, y)f(M(t, x, y)W(t) < — ^ f(x) + — — + E(x, y), 
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with E : D 2 * — »■ 
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(3.2) 



defined by 

E(x,y) 



A(t, x, y)£ XiV (M(t, x, y))dp,(t). 



Proof. Let (x, y) G A°(J) be arbitrary. Substituting in (12. 5p w by M(t,x,y), we get that 

^ ^ V(M(t,x,y),y) Q(x,M(t,x,y)) 

f(M(t, x, y)) < — r f(x) + r f(y) + £ x , y {M(t, x, y)) (teT). 

Q{x,y) &{x,y) 

Multiplying this inequality by A(t, x, y) and integrating with respect to [i on T, we get that 
(3.3)^ 



f A{t,x,y)Q{M{t,x,y),y)d fJl {t) 



J A(t, x, y)Q(x, M(t, x, y))dfj,(t) 



< 



tt(x,y) 

+ I A(t,x,y)e XtV (M(t,x,y))dfi(t). 



Q(x,y) 



-f(y) 



Applying ( 12.21) . it follows that 



(3.4) 

and 

(3.5) 



A(t, x, y)Q(M(t, x, y), y)dfj,(t) = Q(M (x, y),y) 



J A(t, x, y)Q(x, M{t, x, y))dp{t) = Q(x, M {x, y)). 



Substituting (J32)) and (J33D to (Q we have ([3~Tp . 



□ 



Remark 3.13. An immediate corollary of this theorem is the second inequality of Theorem lAl 
Assume that the assumptions of Theorem [A] hold. It is easy to see that the conditions of 
Theorem 13. 121 are also valid. For all (x,y) G A°(7) let i] X) y,fi, M(t,x,y), Mo(x,y) and A(t,x,y) 
be defined as in Remark 12.41 Then (12. 2p holds. Therefore, by ( II. 5p and using also Remark 12. 4[ 



ci{x,y) 



Similarly, it can be seen, that C2{x,y) 
inequality in Theorem IA1 



Q(x,y) 

x,Mo(x, 
Q(x,y) 



L0 (M {x,y)) uj {y) 
wi(M (x,y)) ui(y) 



n(M (x,y),y) 
Q(x,y) 



tt(x,Mo(x,y)) ^ Thus, by Theorem 13. 12^ we get the second 



Theorem 3.14. Let D be a convex set of a linear space X . Let A be a sigma algebra containing 
the Borel subsets of [0, 1] and p be a probability measure on the measure space ([0, 1],.A). Denote 
fii := Jj ^tdfiit) . Assume that f : D — )■ R is a hemi-fi-integrable solution of the approximate 

convexity inequality (I2.12p . where, for all (x,y) G D 2 * , t] XjV : [0, 1] — > M is a bounded and Borel 
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measurable function. Then, for all (x,y) G D 2 * , the function f also satisfies the approximate 
upper Hermite-Hadamard inequality 

(3. 6) J f((l-t)x + ty)dp J (t)<(l-p 1 )f(x)+p 1 f(y) + J r) x , y (t)dp(t). 

[0,1] [0,1] 

Remark 3.15. In the above theorem, the regularity condition for / can be relaxed if the error 
function r] x ^ enjoys boundedness and continuity properties. For instance, if rj XjV is upper bounded 
on [x,y] for some (x,y) G D 2 *, then (12.51) implies that /((l — t)x + ty) is upper bounded for 
t G [0,1]. Similarly, if lim sup t _ 5>0+0 r\ x <y (t) = for some (x,y) G D 2 *, then (12. 5p implies that 
/((l — t)x + ty) is an upper semicontinuous function of t at zero from the right. 

Proof. Let (x, y) G D 2 * be fixed. Integrating ( 12. 12ft with respect to the variable t and the measure 
H on [0,1] we get (13TB]) . □ 

Remark 3.16. Assume that the conditions of Theorem lO hold. To prove a similar result as 
in Theorem O, we have to assume that also a : (D — D) — > K is radially bounded and radially 
continuous at 0. By [TJ] and [9], we can get that / is approximately convex in the following 

sense 

/((I _ t )x + ty) < (1 - t)f(x) + tf(y) + ^r«(2^(2 n t)(x - y)) (x,yeD,te [0, 1]). 

n=0 

Let r] x>y (t) := J2^=o 2^ a (2^z(2 n t)(x — y)) for t G [0,1] and x,y G £>. Let 7l be the class of 
Lebesgue measurable subsets of [0, 1] and let the measure /i be defined by dfi(t) = p(t)dt. Then 
fj,i = Jq tp{t)dt = A. Thus applying Theorem 13.141 and the Fubini's theorem, we get (jl.lOp . 
which completes the proof of Theorem O 

In what follows, we examine the case, when X is a normed space and i] Xiy (t) is a linear 
combination of the products of the powers of t, 1 — t, and of \\x — y\\, i.e., for all (x,y) G D 2 * 
r} X)V is of the form 

r] x , y (t):= [ t p (l-ty\\x-y\\ r du(p,q,r) ((x, y) G D 2 *), 



3 



(3.7) 

[0,oo 

where v is a cr-finite Borel measure on [0, oo[ 3 . An important particular case is when v is of the 
form EjLi^Cpi,?;^); where c 1 ,...,c k >0 and (p ± , q 1 ,r 1 ), . . . , (p k , q k ,r k ) G [0, oo[ 3 . 

Corollary 3.17. Let p, be a Borel probability measure on [0,1], denote pi := Jj Q ^ tdp,(t). Let v 
be a a-finite Borel measure on [0, oo[ 3 swc/i that, for all s G {\\x — y\\ \ (x,y) G D 2 *}, 



t p (l-ty S r dp(t)du(p,q,r) 

[0,oo[ 3 [0,1] 

exists in [— oo, oo]. ylsswme £/ia£ f : D M. is and hemi-p-integrable solution of the functional 
inequality 



(3 . 8) f((l-t)x + ty)<(l-t)f(x)+tf(y)+ J t p (l-t)*\\x -y\\ r du(j>,q,r) 

[0,oo [ 3 
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for all (x, y) G D 2 * and t G [0, 1]. Then f also fulfills the following approximate upper Hermite- 

Hadamard inequality, 

(3.9) 

J f((l-t)x + ty)d f M(t)<(l-ii 1 )f{x)+ f M 1 f(y)+ J J t p (l-ty\\x-y\\ r d»(t)dv(p,q,r). 

[0,1] [0,oo[ 3 [0,1] 

Proof. We apply Theorem EH For all x,y G D 2 * , let rj x>y : [0, 1] — >■ R defined by ([321). Then it 
is easy to see that (13. 8p is equivalent to (I2.12p . Hence, by Theorem 13. 141 we get (13. 9p . □ 

Denote by B the so-called beta-function, defined by 

i 

B(pi,p 2 ) = J t pi -\i - ty-Ht (pup 2 > o). 



Corollary 3.18. Let v be a a-finite Borel measure on [0, oo[ 3 such that, for all s G {\\x — y\\ 
(x,y)eD 2 *}, 

J B(p+ l,q + l)s r du(p, q, r) 

[0,oo[ 3 

exists in [—00,00]. Assume that f : D — )■ R is a hemi-Lebesgue integrable solution of the 
functional inequality 



f((l-t)x + ty)<(l-t)f(x)+tf(y)+ J t p (l-ty\\x-y\\ r dv(p,q,r) 

[0,00 [3 

for all (x, y) G D 2 * and t G [0, 1]. Then f also fulfills the approximate upper Hermite-Hadamard 
inequality 

(3-10) - fix)+ 2 Hy) + J B(p+l,q+l)\\x-y\\ r dv(p, q ,r) ((x, y) G D 2 *). 

[0,oo[ 3 

Proof. We apply Corollary 13.171 when fi is the Lebesgue measure. Then, for all (x, y) G D 2 *, 
E(x,y)= J J t p (l - t) q \\x - y\\ r dn(t)dv(p,q,r) = J B(p + 1, q + 1) \\x - y\\ r du(p, q, r). 

[0,oo[ 3 [0,1] [0,oo[ 3 

Thus, the result directly follows from Corollary 13.171 □ 

References 

[1] M. Bessenyei. Hermite-Hadamard-type inequalities for generalized convex functions. J. Inequal. Pure Appl. 

Math., 9(3):Article 63, pp. 51 (electronic), 2008. 
[2] M. Bessenyei and Zs. Pales. Hadamard-type inequalities for generalized convex functions. Math. Inequal. 

Appl, 6(3):379-392, 2003. 

[3] M. Bessenyei and Zs. Pales. Characterizations of convexity via Hadamard's inequality. Math. Inequal. Appl., 
9(l):53-62, 2006. 

[4] S. S. Dragomir and C. E. M. Pearce. Selected Topics on Hermite-Hadamard Inequalities. RGMIA Monographs 
(http://rgmia.vu.edu.au/monographs/hermite_hadcimard.html), Victoria University, 2000. 

[5] J. Hadamard. Etude sur les proprietes des fonctions entieres et en particulier d'une fonction consideree par 
Riemann. J. Math. Pures Appl, 58:171-215, 1893. 



APPROXIMATE HERMITE-HADAMARD TYPE INEQUALITIES 



17 



[6] A. Hazy and Zs. Pales. On a certain stability of the Hermite-Hadamard inequality. Proc. R. Soc. Lond. Ser. 
A Math. Phys. Eng. Set., 465:571-583, 2009. 

[7] M. Kuczma. An Introduction to the Theory of Functional Equations and Inequalities, volume 489 of Prace 
Naukowe Uniwersytetu Slqskiego w Katowicach. Paristwowe Wydawnictwo Naukowe — Uniwersytet Slaski, 
Warszawa-Krakow-Katowice, 1985. 

[8] J. Mako and Zs. Pales. Implications between approximate convexity properties and approximate Hermite- 
Hadamard inequalities. Cent. Eur. J. Math., 2011, submitted. 

[9] J. Mako and Zs. Pales. On (^-convexity. Publ. Math. Debrecen, accepted, 2011. 
[10] D. S. Mitrinovic and I. B. Lackovic. Hermite and convexity. Aequationes Math., 28:229-232, 1985. 
[11] C. P. Niculescu and L.-E. Persson. Old and new on the Hermite-Hadamard inequality. Real Anal. Exchange, 
29(2):663-685, 2003/04. 

[12] C. P. Niculescu and L.-E. Persson. Convex Functions and Their Applications. CMS Books in Mathemat- 
ics/Ouvrages de Mathematiques de la SMC, 23. Springer- Verlag, New York, 2006. A contemporary approach. 

[13] K. Nikodem, T. Riedel, and P. K. Sahoo. The stability problem of the Hermite-Hadamard inequality. Math. 
Inequal. AppL, 10(2):359-363, 2007. 

[14] Ja. Tabor and Jo. Tabor. Generalized approximate midconvexity. Control Cybernet., 38(3):655-669, 2009. 

[15] Ja. Tabor, Jo. Tabor, and M. Zoldak. Optimality estimations for approximately midconvex functions. Ae- 
quationes Math., 80:227-237, 2010. 

Institute of Mathematics, University of Debrecen, H-4010 Debrecen, Pf. 12, Hungary 
E-mail address: {mako j ,pales}@science . unideb.hu 



